ABSTRACT. In this article, applying the quasi-Gorenstein analogous of the Ulrich's deformation of certain Gorenstein rings we show that some homological conjectures, including the Monomial Conjecture, Big Cohen-Macaulay Algebra Conjecture as well as the Small Cohen-Macaulay Conjecture reduce to the excellent unique factorization domains. Some other reductions of the Monomial Conjecture are also proved. We, moreover, show that certain almost complete intersections adhere the Monomial Conjecture.
Introduction
Throughout this article, (R, m) denotes a commutative Noetherian local ring of dimension d with identity where m denotes the unique maximal ideal of R.
In the early seventies, in [29] , Hochster proposed the following two equivalent conjectures and proved them for the equicharacteristic rings.
Monomial Conjecture: Suppose that x 1 , . . . , x d is a system of parameters for R. Then, ) for each t ≥ 1.
Direct Summand Conjecture:
Suppose that A is a regular local ring and R is a module finite extension of A. Then the inclusion A → R splits, in the category of A-modules.
The foregoing conjectures have been around for decades in the mixed characteristic case. In the sequel we succinctly review certain substantial advances in the study of the aforementioned conjectures. In the eighties, in his extraordinary paper [28] , among other things, Hochster introduced the following further equivalent forms of the Monomial Conjecture. is an almost Cohen-Macaulay R-algebra 1 . Quite obviously, the existence of almost Cohen-Macaulay algebra is stronger than the existence of big CohenMacaulay algebras. In general the Monomial Conjecture follows from the existence of almost Cohen-Macaulay algebra(see, e.g. [49, Proposition 1.3] ). In [27] when R has dimension three and mixed characteristic Hochster constructed a big Cohen-Macaulay algebra using the Heitmann's result regarding the almost Cohen-Macaulayness of R + . Recently, in [8] , Bhattacharyya showed that the Big Cohen-Macaulay Algebra Conjecture follows from the existence of almost big Cohen-Macaulay algebras. The question whether R + is always almost Cohen-Macaulay in mixed characteristic is open in dimension greater than or equal to 4. Although the Monomial Conjecture, has been proved in equal characteristic zero but the question whether R + is almost Cohen-Macaulay in equal characteristic zero is of self interest and is open in dimension greater than or equal to 3. But the three dimensional equal characteristic zero case for the Segre product of Cohen-Macaulay N-graded rings has been investigated in [49] , where the authors apply the Albanese varieties to deduce that the image of non-top local cohomologies of R are almost zero in R + . Recently, in [48] Roberts showed that the image of non-top local cohomologies of R in R + are almost zero provided R is a Segre product of N-graded Cohen-Macaulay rings of mixed characteristic. Moreover, recently, applying the Almost Purity Theorem, in [52] Shimomoto proved that R has a big Cohen-Macaulay algebra provided R has mixed characteristic p > 0 such that R[1/p] is an étale extension of A [1/p] wherein A is a Noether normalization of R.
Canonical Element Conjecture: Suppose that (F •
A finitely generated big Cohen-Macaulay R-module is said to be a small Cohen-Macaulay module or maximal Cohen-Macaulay module. Hochster's Small Cohen-Macaulay Conjecture states that every complete ring has a small Cohen-Macaulay Module. This conjecture is even open in three dimensional equicharacteristic rings.
In Section 2 we prove that for the validity of the Monomial Conjecture it suffices to take into account only systems of parameters of R which form a part of a minimal basis of m.
This fact will be used in Section 4 to deduce the main result of that section. Here, it is worth to point out that, since for proving this reduction we descend to a finite free extension of R with complete intersection fibers, we can merge some of other known reductions of the Monomial Conjecture with our reduction. For instance, it suffices to confine our attention only on such system of parameters x := x 1 , . . . , x d for almost complete intersections. In view of [13] the Monomial Conjecture reduces to the almost complete intersections. In Section 3 we show that the aforementioned homological conjectures reduce to the class of excellent (homomorphic image of regular) unique factorization domains. The main idea of the proof is the fact that the Ulrich's deformation of certain Gorenstein rings to the class of unique factorization domains, developed in [55] , has a quasi-Gorenstein counterpart. But prior to applying this reduction, for a normal domain R with canonical ideal ω R , we endow R ω R with a ring structure such that it is a quasi-Gorenstein domain which is a complete intersection in codimension 1 (recall that the trivial extension is never a domain). For the Monomial Conjecture with the aid of Hochster's first general grade reduction technique developed in [31] , we deduce that the reduction to excellent unique factorization domains is dimensionwise in the sense that the Monomial Conjecture for d -dimensional local rings 1 Here, almost zero means that each element of H 2 m (R + ) is killed by elements of arbitrary small valuation, with respect to a fixed rank one valuation which is non-negative on R and positive on m.
descends to d -dimensional excellent unique factorization local domains. It is noteworthy to mention that in the light of Heitmann's remarkable paper, [23] , loosely speaking, any complete ring with depth at least 2 is a completion of a unique factorization domain! But, unfortunately, Heitmann's unique factorization domains are neither excellent nor catenary 2 . For instance, his unique factorization domains are not supposed to have a maximal CohenMacaulay module or even a canonical module. So the excellence property can be important from this point of view. Besides the known good properties of unique factorization domains, they may have even more tacit important properties as we will point out them in the sequel. The first example of a non-Cohen-Macaulay unique factorization domain was constructed by virtue of the invariant theory, in Bertin's paper [7] . In fact at that time, Bertin's counterexample settled negatively Samuel's conjecture regarding the Cohen-Macaulayness of unique factorization domains. In spite of the existence of this counterexample, complete unique factorization domains at least in equal characteristic zero, have very good properties. For instance, as stated in [42, Page 539 ] (see, also [21] ), if R is a complete equicharacteristic zero unique factorization domain of depth ≥ 3, then R satisfies S 3 . Moreover, if the residue field is algebraically closed (char 0), then the depth condition is superfluous. Furthermore, in view of [42, Page 540] , any complete unique factorization domain with algebraically closed residue field of characteristic zero is Cohen-Macaulay provided dim(R) ≤ 4. So it might be, fairly, more helpful, if we can take more steps and reduce any of the homological conjectures to the class of complete unique factorization domains.
In Section 4, we investigate the homological conjectures for almost complete intersections satisfying m 2 ⊆ (x) for some system of parameters x of R. In mixed characteristic we furthermore assume that x 1 = p, the residual characteristic of R. We will see that in this case R has a balanced big Cohen-Macaulay algebra. In the sequel, we explain our motivation behind this investigation. As we mentioned before, the Monomial Conjecture is proved for equicharacteristic rings of arbitrary dimension and for (at most) 3-dimensional rings of any characteristic. Due to the Goto's paper [20] , another subclass of rings which adhere the Monomial Conjecture is Buchsbaum rings. In fact any system of parameters x of a Buchsbaum ring satisfies, m {x}
. This inclusion immediately settles the Monomial Conjecture. Now set A to be the class of rings consisting of rings R satisfying,
for some system of parameters x of R. Note that A contains, properly, the class of Buchsbaum rings (see, [54, Theorem 5.12 (ii)]). In order to see why this inclusion is proper, note that in the light of [19] , there exists a non-Buchsbaum quasi-Buchsbaum ring R such that there are exactly two non-zero non-top local cohomologies of R which both of them are R/mvector spaces. Then applying the argument of the proof of [46, Proposition 1.] we can conclude that R belongs to the class A . Note also that by [54, Theorem 5.12 .(i)], roughly speaking, A is a subclass of generalized Cohen-Macaulay rings. Quite obviously, if the Monomial Conjecture is valid for any system of parameters x of any ring R with m 2 ⊆ (x), then any member of A satisfies the Monomial Conjecture. Although, at this time, we could not prove the validity of the Monomial Conjecture in this general setting, but we succeeded to deduce our desired statement for almost complete intersections satisfying m 2 ⊆ (x) with the extra assumption that x 1 = p in the mixed characteristic p > 0. For justifying our investigation in this restricted case, from another point of view, recall that in the light of Dutta's result [13, 1. 2 Proposition] in conjunction with [28, (6.1) Theorem] Monomial Conjecture reduces to the case where R is an almost complete intersection of mixed characteristic p > 0 and x 1 , . . . , x d is a system of parameters for R with x 1 = p. The key ingredient of our proof is the fact that those almost complete intersections have multiplicities up to two in the nonCohen-Macaulay case. We give an example of a non-Cohen-Macaulay ring R ∈ A such that its multiplicity is strictly greater than two (so, R is not an almost complete intersection).
In view of the Monomial Conjecture, we end the paper with a question regarding existence of a particular non-commutative R-algebra.
Reduction of the Monomial Conjecture to systems of parameters which are part of a minimal basis of m
This section is devoted to prove that for the validity of the Monomial Conjecture it suffices only to check systems of parameters of the ring which can be extended to a minimal set of generators of the maximal ideal. This result will be used in the Section 4 to prove that certain almost complete intersections satisfy the Monomial Conjecture.
Remark 2.1. Let a ∈ R. Then the free R-module R R acquires a ring structure via the following rule,
We use the notation R(a 1/2 ) to denote the forgoing ring structure of R R. In fact it is easily seen that the map, R(a
is an isomorphism of R-algebras. We are given the extension map R → R(a 1/2 ) by the rule r → (r, 0) which turns R(a 1/2 ) into a free R-module with the basis {(1, 0), (0, 1)}. Consequently this extension is an integral extension of R and it is subject to the following properties which all are easy to verify.
) and a has a square root in R(a 1/2 ), namely (0, 1).
(ii) If a ∈ m then R(a 1/2 ) is a local ring with unique maximal ideal m R. (iv) If ϕ : R → S is an R-algebra wherein, ϕ(a) has a square root in S, then there exists a natural induced R-algebra homomorphism Ψ : R(a
, extending ϕ. Moreover, assuming that R and S are domains, Ψ is injective if and only if ϕ is injective and a does not have a square root in Frac(R). -th coordinate is 1 and others are zero.
We denote the element (0, . . . , 0, 1
by e k . Then we have,
In order to see why this is the case we induct on the least natural number s ≥ j such that k ≤ 2 s − 1. In the case where s = j it is easily seen that the ( j − 1)-th digit of k in its 2-th base representation is 0 (is 1) if and only if k ≤ 2
). So an easy use of the multiplication rule of the ring R j := R j −1 R j −1 proves the claim (Recall that R j is subring of R l ). Now assume that s > j . Then we have, (iii) In continuation of our investigation in the previous part, we need to show, also, that the projection map τ 
which after a straightforward computation shows that the ( j −1)-th digit of k in base 2 is 1. This proves the non-surjectivity of τ 2 i −1 .
(iv) By means of the arguments of the forgoing part we can, directly, conclude that,
→ R is surjective. The above remark yields the following corollary, as claimed before. In the second part of the subsequent corollary the important point is the equality embdim(R) = d + u which equals to the embedding dimension of the regular local ring (ii) For the Monomial Conjecture, without loss of generality, we can assume that, 
Then by a simple computation we get
and,
So the identity (3) yields
is part of a minimal basis for m d .
(ii) By [28, (6.1) Theorem], for the validity of the Monomial Conjecture it suffices to verify it only for systems of parameters x 1 , . . . , x d of R wherein x 1 = p is the residual characteristic and (V, pV) is a coefficient ring of the complete local ring R. So the statement follows from the argument in the proof of the preceding part.
Reduction to excellent unique factorization domains
In this section we show that some homological conjectures reduce to excellent unique factorization domains. Here, by homological conjectures we mean one of the Small CohenMacaulay Conjecture, Big-Cohen-Macaulay Algebra Conjecture as well as the Monomial Conjecture.
Lemma 3.1. Suppose that R is a Noetherian local domain which is not a field. Then there exists a ∈ m such that a does not have a square root in F := Frac(R).
Proof. We first claim that there exists a ∈ R without a square root in Frac(R). Assume to the contrary that each element of R has a square root in F. Then F is square root closed. Let p be a height one prime ideal of the integral closure R of R which is a Krull domain (see, [39, Theorem 4.10.5] ). Since R p is an integrally closed domain, so the discrete valuation ring (R p , xR p ) is square root closed in Frac(R). But then x has a square root in R p . This observation
Hence there exists an element a ∈ R without a square root in Frac(R). If a ∈ m then we are done, so suppose that a is an invertible element of R. Then for any 0 = t ∈ m we have, t , or, t a, does not have a square root in Frac(R).
Remark 3.2. Suppose that R is a domain. Since the trivial extension R ⋉ ω R R by its canonical module (even the amalgamated duplication ring of R with its canonical ideal 3 ) is not a domain we will use a different multiplication on R ω R . To be more precise, since R is a domain so [4, (3.1) ] implies that ω R is an ideal of R. By applying the preceding lemma we can choose a ∈ m such that a does not have a square root in Frac(R). We may endow S := R ω R with a ring structure such that,
In particular, S is a subring of R(a 1/2 ) and it is a domain by Remark 2.1(v). Furthermore, η R : R → S which maps an element r ∈ R to (r, 0) is an R-algebra homomorphism. Note that S is a local ring with the maximal ideal n := m ω R and η is a local monomorphism. As we will see in the following remark, S endowed with the aforementioned multiplication is an integral domain which is a complete intersection in low dimension, provided R is a normal ring. The fact that it is a complete intersection in the low dimension is essential for reducing the homological conjectures to the subclass of unique factorization domains. ) is locally complete intersection at codimension ≤ 1.
(ii) The subring R ω R of R(a 1/2 ) is locally complete intersection at codimension ≤ 1.
) be a height one prime ideal and set q := p R. Firstly note that ht R (q) = ht R(a 1/2 ) p, as we have going down, going up and incomparability. In particular, p ∈ ass qR(a 1/2 ) . Since R is normal, R q is a regular local ring. Consequently,
) is locally complete intersection. An easy verification shows that,
Note that qR(a l. Then there exists the natural em-
) defined by a/s → (a, 0)/(s, 0). On the other hand a does not have a square root in Frac(R q ) = Frac(R). Thus by Remark 2.1(iv) ϕ induces the injection
Hence, Ψ is an isomorphism. So, S 
(ii) Let p ′ ∈ Spec(R ω R ) be a height one prime ideal. Since R(a 1/2 ) is an integral extension of R ω R , so there exists p ∈ Spec R(a ) is an integral flat extension of R. On the other hand, because R is integrally closed so R → R ω R has the going down property.
). This shows that ht R(a 1/2 ) (p) = 1, as well.
) p is an isomorphism. Now, we deal with the case where ω R ⊆ q. Note that (R ω R ) p ′ is a localization of (R ω R ) q .
So, it suffices to show that the latter is (locally) complete intersection. Moreover, (R ω R ) q is an R q -algebra by the map r /t → (r, 0)/t and this underlying R q -module structure of (R ω R ) q is the same R q module (R ω R ) q ∼ = R q R q . In particular, (R ω R ) q is a flat R q -algebra. So it is sufficient to show that the closed fiber of R q → (R ω R ) q is a complete intersection. Since (ω R ) q ⊆ qR q so it is easily seen that there exists a natural ring isomorphism,
such that maps an element (r, s)/t to (r /t , s/t). Now from the fact that (ω R ) q ∼ = R q , we can deduce that R q /qR q ⋉ (ω R ) q /q(ω R ) q is isomorphic to to the complete intersection ring,
In [55] the author proves that any Gorenstein ring which is a homomorphic image of a regular ring and it is a complete intersection at codimension ≤ 1 is a specialization of a unique factorization domain. The first part of the proof of the following proposition is more or less repeating the proof of the Ulrich's result, and is stated here for the convenience of the reader and also for the sake of completeness.
Proposition 3.4.
Suppose that P is a regular ring and R := P/a is a quasi-Gorenstein ring. Assume, furthermore, that R is locally complete intersection at codimension ≤ 1. Then there exists a unique factorization domain S (which is of finite type over P) and a regular sequence y of S such that R ∼ = S/(y).
Proof. The general idea, here, is similar as given in [55, Proposition 1] . Firstly, we are going to use the idea of generic linkage presented in [40] to be sure that the almost complete intersection linked to a is a prime ideal which is a complete intersection at codimension ≤ 1. To be more precise, let a 1 , . . . , a n be a system of generators for a and assume that grade(a) = g . , bt] is a unique factorization domain and whence so is . We achieve this with the aid of theory of Z -complexes which is introduced and investigated in [26] . We use the notation Z i to denote the i -th cycles of the Koszul complex of Q with respect to the sequence c := h, c 1 , . . . , c g . Let S = Q[Z 0 , . . . , Z g ], be the polynomial ring over Q. Then the Z -complex associated to the sequence c is the complex,
whose differential is defined by the rule, , c 1 , . . . , c g ; Q) and z
, for each z i + z ′ i ∧ e 0 ∈ Z i . Let, α, be a cycle in Z i . Without loss of generality we can say, α = (z i + z ′ i ∧ e 0 ) 1. Thus, 4 More precisely, note that Z S S/(Z 0 − 1, Z 1 , . . . , Z g ) is a subcomplex of the complex, (c 1 , . . . , c g ; Q) . Now the exactness of K • (c 1 , . . . , c g ; Q) implies that there exists ζ i ∈ K i +1 (c 1 , . . . , c g ; Q) such that ∂(ζ i ) = z i . In particular, −hζ i + (−1) i z i ∧ e 0 ∈ Z i +1 . Now using the algebra structure we get,
This observation concludes the proof.
Recall that by homological conjectures we mean one of the Small Cohen-Macaulay Conjecture, Big-Cohen-Macaulay Algebra Conjecture as well as the Monomial Conjecture. The first part of the subsequent theorem reduces the homological conjectures to the class of quasi-Gorenstein domains. As pointed out in the introduction, as the main result of this section, the second part of the subsequent theorem gives the promised descent to excellent unique factorization domains. The integral closure of a complete quasi-Gorenstein ring is not necessarily quasi-Gorenstein. Therefore, we could not reduce to the normal complete quasi-Gorenstein domains directly by taking integral closure in the first part. But by virtue of the second part this is achievable which is stated separately in the third part. Note that, as stated in [55] , the completion of the unique factorization domains in [55] are not unique factorization domain necessarily. However any possible reduction of the homological conjectures to the complete unique factorization domains would be fairly helpful as the complete unique factorization domains have even more interesting properties at least in the equal characteristic zero. More precisely, any equal characteristic zero complete unique factorization domain with algebraically closed residue field of dimension up to 4 is CohenMacaulay. Furthermore, with mild conditions, any complete unique factorization domain of equal characteristic zero with algebraically closed residue field satisfies the Serre-condition S 3 (see, [42, page 540] or [21] for both of the aforementioned results).
Theorem 3.5. The following statements holds. (i) If each complete quasi-Gorenstein domain, which is locally complete intersection at codimension ≤ 1, satisfies the homological conjectures then, each local ring satisfies homological conjectures. This reduction is dimensionwise, in the sense that homological conjectures for d -dimensional local rings reduce to the d -dimensional complete quasiGorenstein domains. (ii) The homological conjectures reduce to the excellent (and homomorphic image of regular) unique factorization domains. This reduction is dimensionwise for the Monomial
Conjecture. (−1) k e j 1 ∧· · ·∧ e j k ∧· · ·∧e j i Z k f . The complex K has a DG-algebra structure.
Using this DG-algebra structure of K the identity can be easily verified because in view of the definition of ∂ in conjunction with the fact Z i has zero image in S/(Z 0 − 1, Z 1 , . . . , Z g ) for each 1 ≤ i ≤ g we can conclude that 
Hence we get an isomorphism, S → Hom R H ) and whence its subring S is an integral domain. Thus, by [54, Theorem 5.7] , S is a quasi-Gorenstein domain. Since S is a finitely generated (as R-module) complete quasi-Gorenstein extension domain of R so the statement follows.
(ii) Using the previous part in conjunction with Lemma 3.3 and Proposition 3.4 we may assume that R is a complete quasi-Gorenstein domain such that R = S/yS wherein (S, n) is a 5 In order to see why this is also an S-isomorphism, we fix an R-isomorphism,
Then the composition of the above isomorphisms which is the mentioned R-isomorphism S → Hom R H d n (S), E(R/m) maps an element (r, α) ∈ R ω R = S to the R-homomorphism defined by the rule,
wherein x is a system of parameters for R. Then it is easily verified that the map is, moreover, an Shomomorphism.
unique factorization domain and y := y 1 , . . . , y n is a regular sequence contained in S. n+2 is a regular sequence of S. As n +2 ≥ 3 so [31, Theorem. c)] implies that the first general grade reduction,
of S is again a (non-local) unique factorization domain and so is its localization at nT. We have, dim(T nT ) = dim(S)−1. Furthermore, as X 1 is invertible in T nT so y 2 , . . . , y n+d is a system of parameters for T nT , y 2 , . . . , y n , y Proceeding in this way, we get a unique factorization domain U with dim(U) = dim(R) = d such that the image of y n+1 , . . . , y n+d in U is a system of parameters for U which does not satisfy the Monomial Conjecture. This is a contradiction.
(iii) This is followed by taking the completion of the unique factorizations of the second part, because by [17, Lemma (2.4)] any unique factorization domain with a canonical module is quasi-Gorenstein. Note also that the completion remains normal, as the formal fibers of an excellent ring are regular.
(iv) In order to see why this is the case firstly note that by [28] the Canonical Element Conjecture for all local rings is valid if and only if all local rings satisfies the Monomial Conjecture. Therefore in view of Theorem 3.5 (iii) the Canonical Element Conjecture reduces to the mixed characteristic normal quasi-Gorenstein complete domains. So let R be such a quasi-Gorenstein normal domain. Without loss of generality we may assume that R has infinite residue field. If Depth(R) 2 then applying [43, Theorem 4.4(Local Bertini Theorem)] there exist x ∈ R such that R/xR is a normal domain. In particular R/xR satisfies the S 2 -condition and thence R/xR is a quasi-Gorenstein normal domain in view of [54, 
On the other hand we have,
Therefore, by [9, 9.5.7 Exercise] S is a generalized Cohen-Macaulay R-module. Let n ∈ Max(S) such that dim(S) = dim(S n ). Now, we show that S n is a generalized Cohen-Macaulay ring. Denote the natural map R → S by η. We know that S is a finitely generated R-module. So dim(R/ker η) = dim(S). By [28, (4.2) Lemma] we have a := ker(η) ⊆ p∈Assht(R) p and whence dim(S) = dim(R). Since S is integral over R/a so m/a = n R/a and thereby mS n is an nS nprimary ideal by the incomparability property of R/a → S. There exists l ≥ 0 such that
. Hence S n is a generalized Cohen-Macaulay ring. We have S n is S 2 . Hence by passing to the completion if necessary, we can assume that R is an S 2 -complete generalized Cohen-Macaulay ring. Therefore, in view of [3, Theorem 2.11.] the trivial extension T of R by its canonical module is a complete quasi-Gorenstein ring. We prove that T is a generalized Cohen-Macaulay ring. Clearly if T satisfies the Monomial Conjecture then so does R.
Hence, T q is a Cohen-Macaulay ring. As T is equidimensional, [9, 9.5.7 Exercise] implies that T is generalized Cohen-Macaulay.
(ii) Let R be a complete generalized Cohen-Macaulay domain. Set, S := Hom R (ω R , ω R ). Then, by virtue of [34, (3.6) ] S is local 6 . Also we know that S is complete and domain. By a similar argument as in the preceding part, S is generalized Cohen-Macaulay. Hence, as stated in the proof of Theorem 3.
), is a local quasi-Gorenstein complete domain wherein a is an element of S without a square root in Frac(S). It is enough to show that T is a generalized Cohen-Macaulay ring.
On the other hand, Ass S (S ω S ) = Ass S (S) Assh S (ω S ) = Ass S (S) = {0}. Hence T is a generalized Cohen-Macaulay S-module. Now, a similar argument as in the preceding part shows that T is a generalized Cohen-Macaulay domain.
A class of rings satisfying the Monomial Conjecture
As stated in the introduction for the validity of the Monomial Conjecture it suffices only to check the almost complete intersections and system of parameters of the form p, x 2 , . . . , x d where p is the residual characteristic. This section is devoted to prove either the Small Cohen-Macaulay Conjecture or the Big Cohen-Macaulay Algebra Conjecture for an almost complete intersection R satisfying the extra assumption that,
for some system of parameters x 1 , . . . , x d of R. In the mixed characteristic case we moreover assume that x 1 = p. A motivation behind this consideration is that this case seems to be the most simple non-trivial case of the Monomial Conjecture. For another motivation see the introduction. But, parallel, to this aim, several other interesting facts about this class of almost complete intersections are also given. The following lemma is not required for the next theorem which is the main result of the section but it is needed for its subsequent remark. 
(iii) The system of parameters x of R satisfies the Monomial Conjecture if and only if,
Definitely, this is equivalent to say that, ω R → ω R/a , is non-zero in the above exact sequence.
Proof. ) A K q y s ; A in which here, as usual, p stands for the column p. Note that, For the second part note that according to the vanishings of (6) for i ≥ 2, all of the maps,
arising from the second page of the spectral sequence are isomorphisms.
(iii): By [13, 1.3 . Proposition] our statement is equivalent to the assertion that ℓ H 1 (x; R) ℓ(R/a). Hence in the light of the exact sequence of the first part we are done once we can show that,
But this is clear from the following exact sequence,
In the following example we consider a subclass of almost complete intersections satisfying (5) and we show that they satisfy the Small Cohen-Macaulay Conjecture. The main idea behind this observation is that this class of almost complete intersections are the same free square root extensions R(a 1/2 ) of Remark 2.1. This is not the case for the more general setting of Theorem 4.4. However, in Theorem 4.4, with aid of the multiplicity theory we will again descend to a similar case of quadratic extensions. 
Example 4.2. Suppose that
Here the residual characteristic of B is either two or p > 2. In the first case [41, Theorem 3.8.] implies that R has a maximal Cohen-Macaulay module, while in the second case S is a CohenMacaulay ring in the light of [45] 7 .
It remains to show that why we can assume that, I ⊆ ker Ψ. We claim that T has at most two associated primes. In order to see why this is the case note that, in the light of [18, Theorem 1.], E S T is an injective T-module provided E is an injective S-module. (5) . Then R has a big Cohen-Macaulay algebra. A fortiori, R has a maximal Cohen-Macaulay module which is an R-algebra.
In particular, E(S) S T, is an injective T-module which contains T and thence contains E T (T). Therefore, E T (T), as S-module, is an injective submodule of E(S) E(S). Since S is a domain so E(S) is
Proof. If R is a Cohen-Macaulay then there is nothing to prove, so assume that R is not Cohen-Macaulay (and is complete). The multiplicity theory plays a pivotal role in the proof. The same idea of the proof of Corollary 2.3 can be applied to impose the extra assumption that x is a part of minimal generating set of m
9
. Consider a minimal Cohen-presentation R = A/I of R so embdim (A, n) = embdim (R, m) and I ⊆ n 2 . Firstly, we have,
wherein the notation, , means modulo (x). But, I = n 2 , as n 2 ⊆ I + (x) and I ⊆ n 2 simultaneously. It turns out that,
We claim that, embdim(R) − dim(R) ≤ 2, but before proving this claim let us conclude the statement from it. The above inequality in conjunction with our claim implies that ℓ R/(x) ≤ 3. It remains to deal with the case where e(x, R) = 2. In this case by a similar argument as above without loss of generality we can assume that there exists p ∈ Assht(R) for which R/p satisfies e(x, R/p) = 2. There exists a regular local subring B of R/p, containing a coefficient field (in the mixed characteristic case, containing a complete discrete valuation ring whose maximal ideal is generated by the element p . Consequently, we may assume that S = B I for some finitely generated B-module I. Since we have quadratic extension of fraction fields so we can deduce that I has rank 1. In particular, we may presume that, I is an ideal of B (since S is a domain so I is torsion-free). Using the S 2 -property of R for each prime ideal p of B we conclude that I p ∼ = B p provided Depth(B p ) = dim(B p ) ≤ 1 and 
Question 4.7 is certainly true in dimension ≤ 1. But even in dimension two we need to use the validity of the Monomial Conjecture for the confirmation of the inequality (7). Namely, in dimension two we only need to show that if Depth(U) = 0 then e(U) ≥ 2. But if Depth(U) = 0 then we have H 2 (y, U) = 0, wherein y is a system of parameters for U. Hence, e(U) = ℓ U/(y) − ℓ H 1 (y, U) + ℓ H 2 (y, U) ≥ 2, as the validity of the Monomial Conjecture implies that, ℓ U/(y) − ℓ H 1 (y, U) 0 by [13, 1.3 . Proposition].
For another case where inequality (7) holds, consider an almost complete intersection ideal a of an equicharacteristic complete regular local ring A with infinite residue field such that Assh(A/a) = {p/a}. Set, U := A/a. Suppose, furthermore, that dim(U) = 3 and S := A/p is an integrally closed domain 12 . If the inequality (7) fails for U then we must have Depth(U) = 0 and e(U) ≤ 2. It is easily seen that ω U = ω S . On the other hand, Lemma 4.1(ii) implies that Depth(ω U ) = 2 and thence ω U = ω S is not a maximal Cohen-Macaulay module. In particular, S is not a Cohen-Macaulay ring. By [25, (4.15) Remark.] there exists a system of parameters x of U such that e(x, U) = 2. Since we are in the equicharacteristic case so there exists a complete regular local subring B of S with the same residue field as S such that x forms a minimal basis of the maximal ideal of B. Consequently, in view of [25, Note that the inequality (7) does not hold if we relax the almost complete intersection condition. More precisely, taking into account the Abhyankar's local domains [1, (3) ], we can construct local domains with multiplicity two and depth 1 of arbitrary dimension. Proposition 12] implies that H 1 (x, R) is the second André-Quillen homology D 2 (R, R/a, R/a). Hence, in view of the preceding part, it would be highly desirable to give a proof of the validity of the Monomial Conjecture for the sequence x of R with aid of the André-Quillen homology avoiding, [36] . The fact that a is Lech ideal follows from the following two steps.
Step 1: Bearing in mind the notations of the proof of Theorem 4.4, this step is devoted to prove that, without loss of generality, we can assume that f On the other hand, by our hypothesis,
